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Intr oduction

� Hierarchy of normalisedemittances

– " i � " f for highmerit factor

– " f � " eq for goodef�ciency

� Openor closedcoolingchannel

� Solenoidor dipole/quadrupolefocusing

� Manipulateequationsof Neuffer andof WangandKim

� Look for relations,conditions,andunderstanding,not for precision

� Averagealongchannel

� Useresultsfor assemblingchannelwith magnets,RFcavities,absorbers,long
beforesimulation

� Detailsin MUCOOL-257
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Damping partition numbers

� Transversepartitionnumberg?
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Balbekov's RFOFO ring cooler
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Emittances in cm for Balbekov's ring cooler
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Kirk' sdipole ring cooler
epsilon_x, epsilon_y and epsilon_z in Kirk's ring cooler
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De�nition of the longitudinal � -function � s

� LinearlongitudinalmapM for arcfollowedby RFstation,operatingoncolumn
vector(ct; � p=p)T with RF frequency f RF, stablephaseangle' s with origin at
lastzerocrossingof RFvoltageV :

M =

(

1 ch�
f RF �

2� f RF eV cos ' s

E c� 1 + 2� � heV cos ' s

E � 2

)

� Find to lowestorderin synchrotrontuneQk :

Qk =

√

�
� heV cos ' s

2� � 2E

� s =
c

f RF

√

�
� hE

2� eV cos ' s
=

√

�
c� CE

2� � f RFeV cos ' s

� � s hasdimensionof length,as� ?
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Damping ratesand equilibrium emittances

� Wedgeabsorberswhoselengthdependsonverticalcoordinatey installedwhere
D x = 0 andD y 6= 0, asin Balbekov's ring cooler

� Subscripts? andk marktransverseandlongitudinalmotion,respectively.

� Find for coolinglengthsandnormalisedequilibriumemittances:
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Limits on amplitude functions

� Upperlimit of theverticalamplitudefunctionat theabsorbers� ? dueto the
transverseequilibriumemittance

� ? �
2� g? E � X 0" eq

?

(13:6MeV)2

(

dE
ds

)

� Fromtheparametersof theabsorber, wecancalculatethemeansquareenergy
variationdh∆E 2i =ds dueto straggling,andanupperlimit for thelongitudinal
amplitudefunction� s dueto thelongitudinalequilibriumemittance:

� s �
2E� gk " eq

k

�

(

dE
ds

dh∆E 2 i
ds

)

� Fractionin thelargebracketsdependsonly on theabsorbermaterial

� � ? and� s , andabsorberlengthL A essentiallyproportionalto theproductsg" eq
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Lower limit on vertical dispersionD y

� Absolutevalueof jD y j atabsorbershaslower limit dueto wedgeparameter, since
it wouldbeniceif absorberlengthwerepositive in wholeverticalaperture.Taking
anapertureradiusequalto threeRMS beamradii � y , and�nd with initial relative
RMSmomentumspread� i

e:

jD y j � 3(1 � gv )� y = 3(1 � gv )
√

" i
? � ? =(� 
 ) + (D y � i

e)2

� Solvingfor jD y j yields:

jD y j � 3(1 � gv )

√

" i
? � ?

� 
 [1 � (3(1 � gv )� i
e)2]

� jD y j is realandpositive if 3(1 � gv )� i
e � 1. Thisconditionis alsofoundby

assumingthat� y is dominatedby � i
e, andneglectingthecontributionof the

betatronoscillations.
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Upper limits on vertical dispersionD y

� Upperlimits to jD y j dueto cross-planeheatingtermsof equilibriumemittances

� H = D 2
y =� ? for absorberatwaistwith 
 ? = 1=� ? andD 0

y = 0

� Heatingtermdueto straggling� heatingtermdueto multiplescattering,if

jD y j �
� ? (13:6MeV=pv)
√

X 0h� 2i

� Applying asimilarargumentto " eq
k , heatingtermdueto multiplescatteringis �

heatingtermdueto energy straggling,if

jD y j �
� s

√

X 0h� 2i

(13:6MeV=pv)

� h� 2i is rateof changeperunit lengthof relative momentumerrordueto straggling

� Limit from secondequationmuchhigher

� WhenD y is onehalf of limit, cross-planeheatingtermcontributesonequarterof
in-planeheatingtermto equilibriumemittance
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Absorbers

� Onekind of wedge-shaped,liquid hydrogenabsorberwith lossrate
dE =ds = 31:75 MeV/m andradiationlengthX 0 = 8:66 m

� Absorberoccupancy factoris simply theratioof hdE =dsi anddE =ds

� Lengthof absorberL A � 2� ?

� FindspacingbetweenneighbouringabsorbersandperiodlengthL P by dividing
L A by absorberoccupancy factor

� Improve theoryby replacing� ? by suitableaverageover lengthof absorber

� Arithmeticmeanis h� ? i = 4� ? =3

� Initial horizontalRMS beamradius� x andbothdivergences� x 0 and� y 0 at centre
of absorberfollow from initial transverseemittance" i

? and� ? , assumingthatD x ,
D 0

x andD 0
y vanishthere:

� x =

√

" i
? � ?

� 

� x 0 = � y 0 =

√

" i
?

� 
 � ?
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RF Systemand Longitudinal Dynamics

� RFsystemmustdo four things:

1. Compensatetheenergy lossin theabsorbers

2. Achieve theassumedinitial longitudinalequilibriumemittanceby having a
satisfactoryvalueof � s

3. Have abucketheightbRF largeenoughto acceptmomentumspreadin beam

4. Have abucketareaARF thatmatchesor is largerthan" i
k

� Averagerateof accelerationin RFcavitiesequalto averagerateof energy loss
hdE =dsi , if muonenergiesatentranceandexit of coolingchannelareequal

� AveragevoltagegradientinsideRFcavities is higherthanaveragerateof
accelerationfor two reasons:

– RFcavities occupy only a fractionof channellength

– Peakvoltagegradientis higherthanacceleratinggradientwhenmuonsare
acceleratedoff thecrestof RFwave form

E. Keil page13



Ring CoolerWorkshop November25,2002

Conditions on � and f RF I

� Designvalueof � s requires

j� j

f RF

�
2� � � 2

s hdE =dsi

cE tan ' s

� Avoid �xing signof � andquadrantof ' s

by takingabsolutevalueswhereneeded

� BucketheightbRF = 2∆p=p requires

j� j =
Y 2(' s )

sin ' s

hdE =dsi c
4� � E f RF

(

∆p
p

)� 2

� Y (' ) =
√

j(� � 2' ) sin ' � 2 cos ' j

with Y (0) =
p

2 describesdependenceof
bRF on '
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Conditions on � and f RF II

� BucketareaARF > 4� " i
k requires

j� j �
2� 2(' s � � =2)hdE =dsi 


(� " i
k )2E� f 3

RF
sin ' s

(

� c
�

)3

� Bucketareafunction� ( ) with � (0) = 1,
� (� =2) = 0 and countedfrom crest

� Dômegivespowerseriesfor � ( )
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Conditions on � and f RF III

� Do not proposeto operatemuon cooling
channelat limits of j� j andf RF

� Take themasstartingpoint for scaling

� Doublingf RF reducesj� j by factor8

� Maximumj� j asfunctionof f RF givenby
� s at low f RF, by ARF at high f RF, by
bRF at intermediatef RF

� Limit due to bRF may be higher thanthe
othertwo
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from above. Straight curves shows
limit due to � s . Hyperbolic curves
show limits dueto ARF = 1:35� m.
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Conclusions

� To achieveassumedequilibriumemittances,� ? and� s mustbebelow upperlimits

� jD y j mustbewithin limits in orderto achieve positiveabsorberlengthacross
verticalapertureandto avoid excessivecross-planeheatingandassociatedincrease
in equilibriumemittances

� Liquid hydrogenabsorbersmusthave lengthL A , wedgeparameterD y `0=`0, and
spacing� L P

� PracticallyfeasibleRFvoltagegradientsdeterminelengthof coolingchannel

� � andf RF mustprovidebRF andARF matchedto initial momentumspreadand
longitudinalemittanceand� s matchedto " eq

k

� For every factorof two in f RF, j� j goesdown by a factorof eight

� At constantARF and' s , bRF determinestheacceptedmomentumrange,andis
proportionalto f RF.
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Comparisonwith Kirk' sRing ± Input Parameters

� Kirk' s resultsaremy inputparametersandviceversa

� Swaphorizontalandverticalbecauseof wedgeorientation

Parameter Kirk Program

Designmomentump 250 250 MeV/c

Init. hor. emittance" i
x 26.55 26.55 mm

Init. vert. emittance" i
y 14.74 14.74 mm

Finalvert. emittance" f
y 6.45 6.45 mm

Equil. vert. emittance" eq
y 4.47 4.47 mm

Init. long. emittance" i
z 14.92 14.92 mm

Final long. emittance" f
z 7.14 7.14 mm

Equil. long. emittance" eq
z 5.22 5.22 mm

Channellength 400 400 m

E. Keil page18



Ring CoolerWorkshop November25,2002

Comparisonwith Kirk' sRing ± Output Parameters

Parameter Kirk Program

∆g? = @
@�

(

dE
ds

)

=
(

dE
ds

)

-0.16 -0.159

Verticalpartitionnumber 0.33 0.424

Equil. hor. emittance" eq
x 1.01 1.89 mm

Finalhor. emittance" f
x 2.11 2.40 mm

Long. partitionnumber 0.51 0.417

� ? atabsorber 0.25 0.55 m

� s atabsorber 4.1 3.5 m

Min. D y 0.46 0.135 m

Max. D y 0.46 1.296 m

WedgeparameterD `0=`0 0.642 0.553

Merit factorM 31.8 40.8
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RF issues

� Earlierpagesgivecorrectedequationsandnew graphs

� Tablebelow comparesRFparameters

� Limit on j� j andf RF dueto � s andARF � 4� " i
x

� Parametersfrom Kirk markedby +

Parameter Kirk Program

Stablephaseangle' s � =6+ 5� =6+ rad

Relative RMSmomentumspread∆p=p 0.0311+ 0.0311+

Slip factorj� j 0.813+ 0.739

RF frequency f RF 200+ 216 MHz

BucketareaARF 0.201 0.188 m

BucketheightbRF 0.0719 0.0855

Full bucket length 788 727 mm

RMS bunchlength� z 187+ 101 mm
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