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Basic equations
Let there be a periodic focusing lattice of period 
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 along the beam path with coordinate
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.  Particle tracking or mapping is based on a single period transformation matrix, M (between two selected points, 
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), for particle transverse coordinate and angle,
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with a similar expression for the y coordinate.
The matrices 
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M

 and 
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 are symplectic or canonical, which means each has determinant equal to one.  Otherwise, the matrix elements are arbitrary in general. Thus, each can be represented in a general form convenient for later discussions as follows: 
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In particular, the optical period can be designed in a way that 
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, (i.e. 
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 or 
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), then the evolving particle coordinate and angle (or momentum) appear uncoupled:
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Thus, if the particle angle at point 
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 grows (
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), then the transverse position experiences damping, and vice versa.  Liouville’s theorem is not violated, but particle trajectories in phase space are hyperbolic (
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); this is an example of a parametric resonance.  Exactly between the two resonance focal points the opposite situation occurs where the transverse particle position grows from period to period, while the angle damps. 

 Stabilizing absorber effect

If we now introduce an energy absorber plate of thickness [image: image17.wmf]w

 at each of the resonance focal points as shown in figure 3, ionization cooling damps the angle spread with a rate[image: image18.wmf]c

L

. Here we assume balanced 6D ionization cooling, where the three partial cooling decrements have been equalized using emittance exchange techniques as described in reference [2]:

[image: image19.wmf]1

,22,2/,

3

abs

acc

cabsabs

w

g

g

ggl

gg

¢

¢

¢¢

L=LL===


where
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are the intrinsic absorber energy loss and the RF acceleration rate, respectively.  If 
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then the angle spread and beam size are damped with decrement 
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Phase diffusion and equilibrium emittance

The rms angular spread is increased by scattering and decreased by cooling, 
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which leads to the equilibrium angular spread at the focal point:
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The rms product 
[image: image28.wmf]0
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 determines the effective 2D beam phase space volume, or emittance. 

Taking into account the continuity of x in collisions, the diffusion rate of particle position at the focus is a function of 
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, the local position of the beam within the absorber:
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Thus, in our cooling channel with resonance optics and correlated absorber plates, the equilibrium beam size at the plates is determined not by the characteristic focal parameter of the optics,
[image: image33.wmf]/2

lp

, but by the thickness of absorber plates,
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.   Hence, the equilibrium emittance is equal to
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The emittance reduction by PIC is improved compared to a conventional cooling channel by a factor
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Using the well-known formula for the instantaneous energy loss rate in an absorber, we find an explicit expression for the transverse equilibrium emittance that can be achieved using PIC: 
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Here Z and n are the absorber atomic number and concentration, 
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m

 the muon mass, 
[image: image39.wmf]e

r

 the classical electron radius, and
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 is the muon velocity.  Here log is a symbol for the Coulomb logarithm of ionization energy loss for fast particles: 
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with 
[image: image42.wmf]h

n

 the effective ionization potential [
].  A typical magnitude of the log is about 12 for our conditions. The equilibrium emittance in the resonance channel is primarily determined by the absorber atomic concentration, and it decreases with beam energy in the non-relativistic region. 

Transverse PIC with emittance exchange 

Longitudinal cooling must be used with PIC in order to maintain the energy spread at the level achieved by the basic 6D cooling from the helical cooling channel.  Emittance exchange must therefore be used for longitudinal cooling, which requires the introduction of bends and dispersion.  Since the beam has already undergone basic 6D cooling, its transverse sizes are so small that the absorber plates can have a large wedge angle to provide balanced 6D cooling even with small dispersion. Since the beam size at the absorber plates decreases as it cools, the wedge angle can increase along the beam path while the dispersion decreases.  In this way, longitudinal cooling is maintained while the straggling impact on transverse emittance is negligible.  Thus there is no conceptual contradiction to have simultaneous maximum transverse PIC with optimum longitudinal cooling. 

Emittance exchange using wedge absorbers

In order to prevent energy spread growth in the beam due to energy straggling in the absorber, one can use wedge absorber plates and introduce dispersion, i.e. make the beam orbit energy-dependent. Such dependence results from a beam bend by a dipole field (alternating along the beam line). As usual, the particle coordinate relative to a reference orbit can be represented as a superposition
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where the dispersion 
[image: image44.wmf]D

and 
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 do not interfere on the particle trajectory. The absorber wedge orientation (i.e. the gradient of the plate width) must alternate coherently with the 
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oscillation. Considering only the effects of energy loss in the wedge absorber plates, we find a systematic change of particle energy and position
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at plates:
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Here we introduced the parameter h as an effective height of the absorber wedge:
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and 
[image: image50.wmf]a

D

, the dispersion at the absorber plates. Thus, if the ratio 
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 is positive, there is damping of the energy spread while the phase cooling decrement decreases. Let us assume an arrangement that makes the decrements of the three emittances equal to 
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yet leaves equal the damping decrements of beam size and angle spread at the absorber plates. This assumption leads to the following relationships:
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Transverse equilibrium for an ideally tuned beam

The dispersion introduced for longitudinal cooling will also cause transverse emittances growth because of straggling, the stochastic change of particle energy due to scattering off of electrons in the absorber [
]. The related change of particle ‘free’ coordinate 
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 after scattering in a plate can be found simply taking again into account the continuity of the total coordinate x:   
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Thus we find the betatron coordinate diffusion rate due to energy straggling:
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Combining this with the angle scattering in equation (3)

, we obtain the total rate of betatron coordinate diffusion and the associated beam size at the absorber plate and the emittance:
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The contribution of straggling to transverse emittance growth can be minimized by reducing the wedge absorber height, 
[image: image60.wmf]h

.  However 
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 must be large compared to 
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.  Let us introduce
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 can be written:
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The condition for straggling not to be important is
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