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Dimensional Analysis: The Pythagorean Theorem |

Goal: Demonstrate a2 + b2 = 02
Method: Dimensional Analysis:
Total Area: A c
, b
AC =c" (6,9
()
a
Total Area e
C
A, +Ap, =a”f(8,9) + b” f(8,0)
¢
6 O
a

Total Area = Total Area

G f(6,¢) = 2 f(6,¢) + b f(6,9)

. c?=a?+b? |
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Potential due to Infinite Line of Charge

X
@ @
I
VX2+r2
Vir] = 2 J: - dx =

471'60 ,X2+I’2

with A = Q/x and dQ = A dx

Scale Invariance;:

V(r) Function of only A andr

J'°° dx A J'°° dy
VIikr ] = = = V[r]
4 weg - '\/X2+(kr)2 4 weg - _\/m
Implies: V(rl) = V(r2) after rescaling: x=ky
Choices:
*V(r) =c a finite constant
e \V(r) =00 infinite
*V(r) =V(r/N\) [Janother length scale

(Scale invariance is broken)
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Cutoff Regularization Method

X

¢ @

UX2+r2

Use L as cutoff

A L1 2 L+fL2 412
J dx = Log [

]
LVx2+ﬂ 4 7o L+A/L2+r2
Problem:

e V]r] depends on artificial regulator L
< We cannot remove the regulator L.

VIr ] I__)

—00

VIr] =
4 TTEQ

All physical quantities are independent of the regulator!!!

Electric Field:
- -0 VIr] A L - A
i or 2 mEg I m Lsoo 2 qgqr
Energy ~ o0V
A rs
6V = V[ri] - VIrz] = Log [ —]
4 reg I’%

Problem solved at the expense of an extra scale, L
BUT, we have a broken symmetry--translational invariance!!!
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Dimensional Regularization Method |

Idea: Compute V[r] in n-dimensions

n | dom)
Use: d"x =dQ, x"1 dx ; 22
_ /2 Tt
dQ, =212 /T (n/2) . .
4 2 TR

Must introduce p”'l to ensure V[r] has correct dimension

A x -1 dx
VI[r] = ) do[n] —
4 —
7Te0 H X2 412
Result: with n=1-2¢
I‘[ 1-n ] 2 ¢
A A
VIr] = : - ( - r[s]J
7T€ r2£

4 e (L ,\/;)1'” 4 e

Problem:
e V[r] depends on artificial regulator pu
< \We cannot remove the regulator L.

V[ir] =

e-0

All physical quantities are independent of the regulator!!!
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Dimensional Regularization Method

All physical quantities R are independent of the regulator!!!

. _ do
[] Renormalization Group Equation: @ =0
Electric Field:
= -0VIr] A 2 e u’€ rlej A
i ar 4 rteg nErlt2e e-0 2 weqg I

Energy ~ o0V

A rs

5V = V[ri;] -V[ro] = —— LoOg [_

4 TE r%

Same as before:

Problem solved at the expense of an extra scale, p

Different from before:

Translational invariance symmetry preserved

Dimensional Regularization Respects Symmetries
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Renormalization

Expand V][r] in powers of €:

1 ¥ :
Vo s —2 [_+|n[e "1+ ["‘_]+0[51J
4 ey | € T r2

Let's invent a Minimal Subtraction (MS) prescription:

—YE 2
VisIT 1 = [ in [= ]+|n[’“‘2]+0[e]]
r

4 reg Vg

or even a Modified Minimal Subtraction (MS-bar) prescription:
2

A
Vsl 1 = ( +In [u—]+O[€]J
4 e r?2

After renormalization, we can remove regulator (¢ - 0), but we will
still have p-dependence and scheme dependence in V[r].

Again, physical observables are independent of y and scheme,
Ml 11 - Veslr21) = (Mus[ral - Vwslral) = 6V

but only if you use a single scheme consistently.
(Vislr1]l - Vwslrz1) = (Muslril - Vigslr2l) # 6V

Mixed results introduce scheme dependence in physical
observables.
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Renormalization Group Equation

Consider the basic parton factorization formula:
o=Tw
The renormalization group equation reads:
do df dw

=0 = — W+ f —

E du du
f and w depend on y, but o does not!!!

After rearrangement (and a Mellin transform):

1 af 1 dd

f dlniu] & dlngu]

The anomalous dimension y is the separation constant.
(If f obeyed exact scaling, y would be zero--hence the term anomalous.)

The DGLAP evolution equation in moment (Mellin) space is:

af .

= —Xf
dinfu]
or transformed back to x-space, is:
df
= Pef
dinfu]

The solution of the DGLAP evolution equation in moment (Mellin)
space is:

~

f ~u?

(Hence, the term anomalous dimension.)
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Recap

Regulator provides unique definition of V, f, w
= Cut off regulator, L:

simple, but doesn't respect symmetries

= Dimensional regulator, €:

respects symmetries: translation, Lorentz, Gauge

Introduces new scale: p

All physical quantities (E, dV, o) are independent of regulator

= Renormalization group equation: do/du =0

We can define renormalized quantities (V, f, w)
= Renormalized (V, f, w) are scheme dependent & arbitrary
= Physical quantities (E, 0V, o) are unique and

scheme independent if we apply scheme consistently
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